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Abstract. This paper aims to stress the role of the Cahill-Glauber quasi-probability
densities in defining, detecting, and quantifying the non-classicality of field states in
quantum optics. As such, we investigate non-classicality of a pure single-mode state of
the radiation field by using the one-mode coherent states as a reference set of classical
states. The distance between a given pure state and the set of all pure classical states
is here called a geometric degree of non-classicality. It turns out that any such distance
is expressed in terms of the maximal value of the Husimi Q function. As an insightful
application we consider the de-Gaussification process produced when preparing a state
by adding p photons to a pure Gaussian one. For a coherent-state input, we get an
analytic degree of non-classicality which compares interestingly with the previously
evaluated entanglement potential. Then we show that the non-classicality degrees of
the one- and two-photon-added squeezed vacuum states are larger than that of the
original input state.
PACS numbers: 03.67.-a; 42.50.-p
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1. Introduction
As first pointed out by Glauber [1], there are states of the quantum radiation field
for which all the normally-ordered quantities are described by classical distributions.
These states, which are now termed classical, have been singled out by Titulaer and
Glauber [2] as possessing a well-behaved P representation of the density operator [3, 4],
which is either a non-negative regular function or a distribution no more singular than
Dirac’s δ. The opposite situation, namely, the non-existence of the Glauber-Sudarshan
P representationas a genuine probability density, is a largely accepted definition of non-
classicality which generated a large amount of research in quantum optics as can be seen
in the survey Ref.[5].
The main concept we exploit in the present paper dedicated to an evaluation of
non-classicality for pure states emerges from quantum information. Accordingly, the
distance from a given state having a specific property to a reference set of states not
having it has been accepted as a measure of that property. It is notable that non-
classicality of continuous-variable states was the first property proposed to be quantified
by a distance-type degree of non-classicality [6]:
D(ρˆ) := min
ρˆ′∈C
d(ρˆ, ρˆ′), (1)
where C is the convex set of all the classical states and d is the distance between the
density operators ρˆ and ρˆ′. However, the trace metric employed by Hillery in Ref.[6]
and termed as non-classical distance turned out to be difficult to deal with analytically.
Moreover, there is no parametrization of the whole set C of classical states to allow the
extremization procedure required by Hillery’s definition (1). Subsequently, by restricting
the set of all classical states to a tractable subset identified by a classicality criterion, and
by using more convenient metrics, the non-classical distance was successfully applied to
one-mode Gaussian states. Specifically, we mention the Hilbert-Schmidt metric used
in [7, 8], the Bures metric in [9], the relative-entropy measure in Refs.[9, 10] as well as
the quantum Chernoff bound in Refs.[11, 12]. In our Refs.[9, 10], the Bures degree of
non-classicality for one-mode Gaussian states was found to fully agree with the earlier
result of Lee’s non-classical depth [13].
Interest in non-classicality aspects has recently renewed being stimulated by the
ongoing resource theories of various quantum properties [14]. Attempts to produce a
resource theory of non-classicality [15, 16, 17] are in fact based on the identification of
the set of classical states and classical operations. We point out that in Refs.[9, 10]
co-authored with H.Scutaru, the present authors formulated a set of three requirements
to make the definition (1) acceptable as a measure of non-classicality:
C1) The degree of non-classicality vanishes if and only if the state is classical;
C2) Classical transformations preserve the degree of non-classicality;
C3) Non-classicality does not increase under any positive operator-valued measure
(POVM).
We have there considered as being classical those unitary transformations in Hilbert
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space which map the coherent states into coherent states. As such, the only one-mode
classical transformations are the translations described by the displacement operators
D(λ) = exp (λaˆ† − λ∗aˆ) and the rotations R(θ) = exp(−iθaˆ†aˆ), written in terms of the
amplitude operators of the mode aˆ and aˆ†. Therefore, the requirements C1)-C3) are
quite similar to what is considered now to be necessary for defining a resource theory
of non-classicality.
In the present paper we restrict ourselves to investigate non-classicality of pure
continuous-variable states. What is really encouraging in defining a distance-type
measure for pure states was discovered in the early days of quantum optics: a clear
identification of the set of classical pure states. Indeed, Cahill [18] and later on Hillery
[19] proved that the only pure states that are classical are the coherent ones: all other
pure (Gaussian and non-Gaussian) states are non-classical. Therefore, a geometric
measure of non-classicality for a pure state |ψ〉 could be its distance to the set of all
classical pure states, namely the coherent ones. It appears to us that this measure was
first used in Ref.[20] to quantify non-classicality of some popular pure states such as
Fock, squeezed vacuum as well as even and odd coherent states. Soon after, in Ref.[21]
a comparison between this distance-type measure and Lee’s non-classical depth for pure
states has revealed an advantage of the geometric degree which turned out to be more
sensitive.
The plan of our paper is as follows. In section 2 we discuss the role played by
the quasi-probability distributions introduced by Cahill and Glauber [22] in describing
and measuring non-classicality. Section 3 investigates first the non-classicality of an
interesting pure state which is important for experiments: a coherent state with p added
photons [23]. We give here an analytic form of the defined geometric degree of non-
classicality and compare it to other previously used measures of non-classicality. Another
interesting example we are interested in is provided by the squeezed vacuum states whose
non-classicality enhancement by addition of photons is here proved. Section 4 stresses
the usefulness of the geometric measure and its consistency with other descriptions of
non-classicality.
2. Non-classicality and quasi-probability distributions
In continuous-variable settings, phase-space formalism allows us to conveniently describe
quantum states using the generalised quasi-probability distributions [22]:
W (β, s) =
1
pi
∫
d2λ exp (βλ∗ − β∗λ) χ(λ, s), (2)
which are in fact the Fourier transforms of the s-ordered characteristic functions (CFs)
of the density operator ρˆ,
χ(λ, s) := exp (
s
2
|λ|2)Tr[ρˆD(λ)]. (3)
The most significant quasi-probability distributions arise from the normally ordered
CF (s = 1, 1
pi
W (β, 1) =: P (β) is the Glauber-Sudarshan P function ), symmetrically
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ordered CF(s = 0, W (β, 0) = W (β) is the Wigner function) and anti-normally ordered
CF (s = −1, 1
pi
W (β,−1) =: Q(β) is the Husimi Q function).
It is quite interesting that all the three above-defined quasi-probability distributions
have a role in describing non-classicality, especially in the pure-state case. First, the
behaviour of the P representation defines the concept of non-classicality in quantum
optics: non-classical states are those having a P representation which is negative or
more singular than Dirac’s δ. Second, according to the Hudson’s theorem [24], only
the pure Gaussian states possess a non-negative Wigner function, all the other non-
Gaussian pure states display negativities of their Wigner distribution. Signatures of
non-classicality could be thus identified through the negativity of the Wigner function,
for pure and even some mixed non-Gaussian states [25]. Therefore, the Wigner function
detects non-classicality of all pure states except for the Gaussian ones. Finally, to see the
role played by the Q function in non-classicality description, let us define the geometric
degree of of non-classicality of a pure one-mode state |Ψ〉:
DQ := 1−max
{β}
|〈β|Ψ〉|2, (4)
where {|β〉} is the set of coherent states. The following remarks are at hand when
looking at the definition (4).
(i) DQ is an exact distance-type measure for pure states because the reference set of
classical pure states is exhaustive.
(ii) DQ is defined in terms of the maximum of the Q function
Q(β) =
1
pi
〈β|Ψ〉〈Ψ|β〉.
(iii) DQ obviously meets the requirements C1)-C2).
0 ≤ DQ ≤ 1, DQ = 0 forcoherentstates,
DQ is invariant under displacements and rotations.
We thus conclude that the maximum of the Q function can measure non-classicality.
The advantages of a geometric degree of non-classicality for pure states were
recognised long ago. DQ was first evaluated in some simple cases including Gaussian pure
states [20]. For non-Gaussian pure states, some examples were examined [21] showing
that the distance-type measures are more appropriate to quantify non-classicality than
the non-classical depth.
3. An exactly solvable example: photon-added pure Gaussian states
Let us consider the output state generated by the addition of p photons to an arbitrary
pure state |Ψ0〉 :
|Ψp〉 := Np(aˆ
†)p|Ψ0〉, (5)
where Np is a normalization factor. We obviously have
|Np|
−2 = 〈Ψ0|(aˆ
p(aˆ†)p|Ψ0〉, (6)
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that is, the normalization constant is determined by the pth-order antinormally-ordered
correlation function of the input state. Further, the Q function of the state (5) is
proportional to the Q function of the input state,
Qp(β) = |Np|
2|β|2pQ0(β), (7)
where we have employed the well-known eigenvalue equation of the annihilation
operator: aˆ|β〉 = β|β〉. As we know that the Q function for a Gaussian state [26] is an
exponential of the variables β and β∗, Eq. (7) shows us that the addition of photons is
a non-Gaussian operation. Moreover, according to a theorem of Lee, by removing the
vacuum from the Fock-state expansion of a classical state, we get a non-classical output
[27]. This can be done by adding photons to a classical state such as a coherent one [23]
or a thermal one [28]. We can say that photon-added states are both non-classical and
non-Gaussian. For the sake of simplicity and in view of physical relevance, we chose to
discuss here non-classicality for two classes of states obtained by addition of photons to
pure Gaussian ones: photon-added coherent states and photon-added squeezed vacuum
states.
The p-photon-added coherent state,
|Ψp(α)〉 :=
1
[p!Lp(−|α|2)]1/2
(aˆ†)p|α〉, (8)
was formally defined and characterized from the quantum optical perspective in Ref.[23].
It was found that its P distribution is highly singular and its Wigner function displays
negative values. Other non-classical properties such as sub-Poissonian statistics and
amplitude squeezing were also analyzed.
A significant piece of progress was the experimental preparation and investigation
of a single-photon added coherent state by Zavatta et al. [29, 30]. Remark that
single-photon-added coherent states are interesting from a fundamental point of view
as they represent the result of the simplest excitation of a classical light field. It can be
generated by injecting a coherent state |α〉 into the signal mode of an optical parametric
amplifier and a conditioning of the state based on measurements on the idler mode to
select the one-photon excitation. Moreover, the experiment allowed the tomographic
reconstruction of the Wigner function. Its negativity was detected and analysed while
a significant degree of squeezing was also found.
Let us now proceed to find DQ defined in Eq. (4) for the state (8). The Q function
for |Ψp〉 is [23]:
Qp(α, β) =
1
pi
|〈β|Ψp(α)〉|
2 =
1
pi
|β|2p
p!Lp(−|α|2)
exp (−|β − α|2), (9)
where Lp(u) is a Laguerre polynomial, which is always positive for negative arguments
[31]. The single-peaked aspect of Qp can be seen in Fig.1 for different numbers of added
photons to the same coherent state.
Maximization of Qp(β) with respect to the variables ℜe(β) and ℑm(β) is routinely
performed to nicely give a general formula:
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Figure 1. The Q function of a p-photon-added coherent state. The parameters of the
state are: p = 1,ℜe(α) = ℑm(α) = 2 (top) and p = 10,ℜe(α) = ℑm(α) = 2 (bottom).
For the sake of simplicity, we have denoted x := ℜe(β), y := ℑm(β).
Qmaxp (α) =
1
pi
1
p!Lp(−|α|2)
[
|α|
2
(
√
1 + 4p/|α|2 + 1)
]2p
× exp
[
−
|α|2
4
(
√
1 + 4p/|α|2 − 1)2
]
. (10)
The geometric degree of non-classicality DQ := 1 − piQmaxp depends therefore only on
the number p of added photons and the mean occupancy of the coherent state n¯ = |α|2.
Plots of DQ with respect to the number p of added photons in Fig.2 and with respect to
the coherent mean occupancy n¯ in Fig.3 show that non-classicality decreases with the
intensity of coherent beam and increases with the number of added photons.
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Figure 2. Non-classicality degree is larger for smaller coherent mean occupancies.
Non-classicality degrees DQ converge for higher coherent intensities n¯, but are quite
different for low beam intensity, being larger for higher numbers of added photons. This
can be clearly seen in Fig.3.
Non-classicality of a p-photon-added coherent state was discussed in Ref.[32] by
evaluating its entanglement potential (EP). This measure of non-classicality is defined
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Figure 3. DQ increases with the number p of added photons
as the entanglement generated by a non-classical state when mixed with the vacuum
state in a balanced beam splitter [33]. As such, the task of measuring non-classicality is
transferred to an evaluation of a two-mode entanglement which is not a simpler problem
in most cases of interest. Fortunately, for some lower numbers of added photons to a
coherent state the EP could be evaluated in Ref.[32]. This gives us the opportunity to
compare our present distance-type results to those given by a non-classicality measure
of a totally different origin, the EP. Our formula (10) depicted in Figs. 2 and 3 describes
the behaviour of DQ in close agreement with the investigation in Ref.[32]. It is sufficient
to compare the corresponding Figs.3 in the two papers to see their similarity. We have
to remark that only for single-added coherent states was possible to have an analytic
EP in [32]. Even for p = 2 the EP-evaluation was performed only numerically. Other
findings in Ref.[32] based on observing the negativity of the Wigner function enhance
the idea of consistency between DQ and other indicators of non-classicality.
The second example we want to address now is about the modification of non-
classicality by adding photons to a non-classical state, namely, the squeezed vacuum
state (SVS), whose Q function is explicitly [26]
Q0(β) =
1
pi cosh r
exp {−|β|2 [1− (tanh r) cos(ϕ− 2arg (β))]}, (11)
where r is the squeeze parameter and ϕ is the squeeze angle. The maximum of Qp(β),
Eq. (7), is found to be at |βmax|2 = p er cosh r and arg(βmax) =
1
2
ϕ. The next step to
apply Eq. (7) is to evaluate the pth-order antinormally-ordered correlation function for
an SVS. Its derivation parallels that of the normally-ordered one in Ref.[34]. We find
the general formula:
〈ΨSV |aˆ
p(aˆ†)p|ΨSV 〉 = p! (cosh r)
2p
2F1
(
−
p
2
,−
p− 1
2
; 1; (tanh r)2
)
,
(p = 0, 1, 2, 3, ...), (12)
where the above Gauss hypergeometric function 2F1 is a polynomial in the variable
tanh r, of degree either p if p is even or p−1 if p is odd [31]. We finally get the maximal
value:
Qmaxp (r) =
1
p!
(
p er−1
cosh r
)p [
2F1
(
−
p
2
,−
p− 1
2
; 1; (tanh r)2
)]−1
Qmax
0
(r).(13)
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Notice first that the maximum of the Q function for an SVS is Qmax
0
(r) = (pi cosh r)−1.
We then specialize Eq. (13) to the simplest cases p = 1 and p = 2 to find the obvious
inequalities:
Qmax
1
(r) =
1
e
er
cosh r
Qmax
0
(r) < Qmax
0
(r), (14)
Qmax
2
(r) =
2
e2
e2r
(cosh r)2 + 1
2
(sinh r)2
Qmax
0
(r) < Qmax
0
(r). (15)
Both Eqs. (14) and (15) show that non-classicality is enhanced by adding photons to
this non-classical state.
4. Conclusions
The use of the quasi-probability densities introduced by Cahill and Glauber [22] has
a long and successful history in quantum optics. The present paper emphasizes their
special significance for non-classicality matters. Thus the P representation is essential
in defining the non-classicality concept, the Wigner function detects non-classicality
by its negativity, and the Q function is a proper quantifier for the non-classicality of
pure states. When dealing with pure states, all the distance-type measures of non-
classicality defined with respect to the unique set of pure classical states, namely,
the coherent ones, are expressed in terms of maximal value of the Q function of the
given state. This happens because, in the pure-state case, all the metrics having the
suitable abilities to define a distance-type degree, such as Hilbert-Schmidt and Bures
metrics, depend only on the Q function of the state. We can say that DQ is a properly
defined measure of non-classicality because the reference set of classical coherent states
is exhaustive. Interestingly, a similar geometric measure was proposed long ago by
Shimony for the entanglement of pure two-mode s tates [35]. The chosen reference set
was there composed of all pure product states.
As applications of quantifying non-classicality of pure states we have considered
here states obtained by adding photons to Gaussian states. These states are important
from the experimental perspective as well. It is believed that non-Gaussian resources and
operations could be more efficient for some protocols in quantum information processing.
Our Eqs. (10) for photon-added coherent states and (13) for photon-added SVSs are
quite remarkable because an analytic degree of non-classicality is difficult to obtain for
non-Gaussian states, which in general have a more complicated structure.
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